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Abstract. A basic example of shear flow was introduced by DiPerna and Majda to study the weak limit 
of oscillatory solutions of the Euler equations of incompressible ideal fluids. In particular, they proved 
by means of this example that weak limit of solutions of Euler equations may, in some cases, fail to be 
a solution of Euler equations. We use this shear flow example to provide non-generic, yet nontrivial, 
examples concerning the loss of smoothness of solutions of the three-dimensional Euler equations, for 
initial data that do not belong to C^'". Moreover, we show by means of this shear flow example 
the existence of weak solutions for the three-dimensional Euler equations with vorticity that is having 
a nontrivial density concentrated on non-smooth surface. This is very different from what has been 
proven for the two-dimensional Kelvin-Helmholtz problem where a minimal regularity implies the real 
analyticity of the interface. Eventually, we use this shear flow to provide explicit examples of non-regular 
solutions of the three-dimensional Euler equations that conserve the energy, an issue which is related to 
the Onsager conjecture. 
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1. Introduction 

More than 250 years after the Euler equations have been written our knowledge of their mathematical 
structure and their relevance to describe the complicated phenomenon of turbulence is still very incom- 
plete, to say the least. Both in two and three dimensions certain challenging problems concerning the 
Euler equations remain open. In particular, we still have no idea of whether three-dimensional solutions 
of the Euler equations, which start with smooth initial data, remain smooth all the time or whether they 
may become singular in finite time. In the case of finite time singularity it would be tempting to rely on 
weak solution formulation. However, there is almost no construction, so far, of weak solutions for a given 
initial value of the three-dimensional Euler equations. Moreover, defining an optimal functional space in 
which the three-dimensional problem is well-posed in the sense of Hadamard is also an important issue. 

Configuration where the vorticity is concentrated, as a measure, on a curve (in 2d) or on a surface 
(in 3d) are called Kelvin-Helmholtz flows. They seem to play a role in numerical simulations and in 
the description of turbulence. However, mathematical analysis and experiments show that in 2d these 
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configurations are extremely unstable. The main reason for this instability being that the density of 
vorticity generates a nonlinear elliptic problem (see, e.g., [11], [14], [29] and references therein). 

Let us observe that the conservation of energy in the 3d Euler equations is always formally true. 
However, physical intuition and scaling argument, i.e. the Kolmogorov Obukhov law, lead to the idea that 
non conservation of energy in the three-dimensional Euler equations would be intimately related to the 
loss of regularity. Therefore, Onsager [22] conjectured the existence of a threshold in the regularity of the 
3d Euler equations that would distinguish between solutions which conserve energy and solutions which 
might dissipate energy. 

For the above reasons we believe that the detailed study of explicit examples remains extremely 
insightful and useful. Therefore, this contribution is devoted to new information that can be obtained 
from the study of the example of shear flow that was introduced by DiPerna and Majda [10]. 

For simplicity we will consider solutions of Euler equations defined in a domain f2 which will denote 
either the whole space M'^, or the torus (M/Z)"^ when in the latter case the solutions are subject to periodic 
boundary conditions of period 1. 

Observe that when the functions ui and are smooth the vector field 

u{x, t) = (wi(a:;2), 0, uz{xi - tui{x2))) (1) 

is an obvious solution of the id incompressible Euler equations of inviscid (ideal) fluids: 

5tu + V • (m (g) u) = -Vp and V • u = , (2) 

with p = 0, i.e. this is a pressureless flow. When deflned on the torus (M/Z)'^ such solutions have flnite 
time-independent energy, that is 



d 
Hi 



\u{x,t)\^dx^O. (3) 



It is worth stressing that the following observation will be essential for the remainder of this paper. 
Specifically, we observe that the above properties remain true under much weaker assumption on the 
vector field u{x,t) = (Mi(a;2), 0, U3(a;i — tui{x2))), provided the notion of weak solution is used. 

Definition 1. A vector field u G Ly^^{VL x [0,oo)) is a weak solution of the Euler equations (2) with 
initial data 

uoGLl^iQ), V-uo = 0, 

if u is divergence free, in the sense of distributions in fl x [0, oo), and if for any divergence free vector 
field of test functions (p £ C^(f2 x [0, oo)) one has: 



[u ■ dt(f> + {u (g) u,V(j>)]dxdt ^ / uo{x) ■ (l){x,0)dx. (4) 

f2x[0,oo) Jn 

Theorem 2. (i) Let mi,U3 G Lf^^{M.), then the shear flow defined by (1) is a weak solution of the Euler 
equations, in the sense of Definition 1, inQ. = 'E?. 

(ii) Let Mi,U3 G L^(IR/Z) then the shear flow defined by (1) is a weak solution of the Euler equations, 
in the sense of Definition 1, in fl ~ (R/Z)'^. Furthermore, in this case the energy of this solution is 
constant. 



The proof of the above statements follows from a lemma, which is deduced from the Fubini theorem. 
Below we state, without a proof, the periodic case version of such a Lemma. 



LOSS OF SMOOTHNESS AND ENERGY CONSERVATION IN THE 3d EULER EQUATIONS 



3 



Lemma 3. Let n = ((K/Z))^ , ui.ua G L'^{{R/Z)), then for every test functions £ C°°(R/Z), for 
i = 1, 2, 3, and (f>i G C^{[0, oo)) the following standard formula 

/ W3(a;i - tUi{x2))(t)l{xi)(t)2ix2)(t)3{x3)(t)4{t)dxidX2dX3dt 

jQx [0,oo) 

= / M3(xi)0i(xi + tMi(.T2))02(-i;2)03(a;3)04(O'^2;ida:2d2;3(it (5) 

Jf2x [0,oo) 

zs valid. 

DiPerna and Majda introduced the shear flow (1) in their seminal paper [10] to construct a family 
of oscillatory solutions of the 3d Euler equations whose weak limit does not satisfy the Euler equations. 
In this paper we will investigate other properties of this shear flow in order to address issues related 
to the questions of well-posedness, stability of solutions whose vorticity contains density functions that 
are concentrated on surfaces (this problem being closely related to the Kelvin-Hclmholtz problem), and 
conservation of energy (Onsager conjecture [22]). It is worth mentioning that this shear flow was also 
investigated by Yudovich [30] to show that the vorticity grows to infinity, as t — > oo, which he calls 
gradual loss of smoothness. This is a completely different notion of loss of smoothness than the one 
presented in Theorem 5 below, where we show the instantaneous loss of smoothness of the solutions for 
certain class of initial data. 



2. Instability of Cauchy problem and loss of smoothness 

Most of the basic existing results for the initial value problem concerning the Euler equations (2) rely 
on the expression of this solution in term of the vorticity, a; = V A u, which satisfies in M", for rt = 2, 3, 
the equivalent system (under the appropriate boundary conditions at infinity) of equations: 

dtUJ + u ■ Vcj = uj ■ Vu , (6) 
V-u = 0,VAu = Lj. (7) 

Equation (7) defines u in term of lo, which is given (in E", for n ~ 2,3) by the Biot-Savart law; that 
is u = K{uj) where K \s a. pseudo-differential operator of order —1. Therefore, in this case the map 
Lo I— > Vu is an operator of order 0. As it is well known, equation (6) seems to share some similarity with 
the Riccati equation 

y' = Cy^ whose solution is y{t) = ^ J^^^y^Q-^ ' (8) 

which blows up in finite time for every y(0) > 0. There is not enough justification for this similarity to 
deduce from (8) some blow up property for the Euler equations. However, one can deduce some local in 
time existence and stability results in any appropriate norm || . || which satisfies the relation: 

||a;.VH|| = ||c..V(A»)||<q|c.||^ (9) 

On the one hand, the operator K is not continuous from C" to C^, therefore the norm is not 
appropriate for this scenario. On the other hand, the Holder norms, i.e. w G C°'" or it G C^'", for 
a G (0, 1], are convenient. With the standard Sobolev estimates the norm iJ". for s > |, i.e. uj G H^~^ 
or It G i?", would also be convenient (and leads, by virtue of common functional analysis tools, to slightly 
simpler proofs, see, e.g. [20]). This is fully consistent with the fact that for s > |, is continuously 
imbedded in C^ '^~i . 

With this classical observations in mind we recall the following facts (see also the recent surveys for 
more details [1] and [6]): 
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(i) For initial data u{x, 0) = uq{x) in C^'" the Eulcr equations (2) has a unique local in time solution 
u[x,t) in C^'" (of. [16]). The same resuh is valid for initial data in , for s > f (cf. [2], [20]). 
Moreover, this unique solution conserves the energy. In spite of the fact that the above results 
imply the short time control of the i°° norm of the vorticity (which seems to be the relevant 
quantity) one has the following complementary statement established in [2] (see also [20]). For 
every initial data w(x, 0) in C^'" or in H'^ , for s > |, the solution of the three-dimensional Euler 
equations exists and depends continuously on the initial data, for as long as the time integral of 
the L°° norm of the vorticity remains bounded. 

(ii) Following [8] one can prove (in any space dimension) the existence of initial data uq € L^(ri) (not 
explicitly constructed) for which the Cauchy problem has, with the same initial data, an infinite 
family of weak solutions of the Euler equations: a residual set in the space C(Rt; -^weak(^)) ■ 

(iii) Eventually one does not know the existence of a 3c? regular (say in C^'") solution of the Euler 
equations that becomes singular in a finite time (blow up problem). 

The shear flow (1) has also been used by DiPerna and Lions [17], and by [30], as an example to demon- 
strate some issues related to the instability of the solutions of the three-dimensional Euler equations. In 
particular, DiPerna and Lions (cf. [17] page 124) have established the following 

Theorem 4 (DiPerna-Lions). For every p > 1, T > and M > given there exists a smooth shear flow 
solution of the form (1) for which \\u{x,Q)\\\yi,p = 1 and ||u(x, T)||^^i,p > M. 

In fact the proof of this theorem that has been presented in [1] (Proposition 3.1) shows that, for every 
p > 1, there exist shear flow solutions of the form (1) with u(x, 0) G ly^'P and u{x,t) ^ W^'^ for any 
t ^ . Here, we show, in addition, the instantaneous loss of smoothness of weak solutions for the 3d Euler 
equations with initial data in the Holder space C°'", with a E (0, 1). This underlines the role of the space 
as the critical space for short time well-posedness of the 3d Euler equations; namely: for initial data 
more regular than , say in C^'^, with (3 € (0, 1], one has well-posedness for the 3d Euler equations, 
and for less re(7u/ar initial data, specifically initial data in C*^'", with a G (0, 1), one has ill-posedness. 

Theorem 5. (i) For ui{x) , U3{x) G C^ °', with a G (0,1], the shear flow solution (1) is in C^'"', for all 
t G K. 

(ii) For ui(x), 1*3(2;) G C"'", with a G (0, 1), the shear flow solution (1) is always in C*^'" . 

(iii) There exist shear flow solutions, of the form (1), which for i = belong to C^-", for some 
a G (0, 1), and which for t ^ do not belong to C*^'^ for any (3 > oP' . 

Proof. Observe first that in (i) the evolution of regularity concerns only the component U3 (wi remains 
t independent). The statement (i) is trivial, but it is worth noticing as it shows that our analysis is in 
line with the classical results of [16]. To prove (ii) we write 

1^3(3:1 - tui{x2 + h)) - uz{xi - tui{x2))\ 

_ |w3(a;i - tui{x2 + h)) - uz{xi - tui{x2))\ ( \tui{x2 + h) - tui{x2)\ \ 
\tui{x2 + h) - tui{x2)\°' y h'^ j 

< |tril"3 Icoi^^i (10) 
For the point (iii) of the statement one introduces two periodic functions iti(^) and u^{S)) which near 
the point ^ = coincide with the function |^|". Consequently, for every given t and for xi and X2 small 
enough, u^{xi — tui{x2)) coincides with the function 

\xi-t\x2\T- 

In particular, for t given, and for [xi, X2, X3) ~ (0, X2, x^), with X2 small enough, one has 

u^{xi ~ tui{x2)) = \tr\x2r\ 
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and the conclusion follows. 

Remark 1. P.G. Lcmaric-Ricussct observed (private communication) that the criticality aspect of the 
space C^, in the above context, can be sharpened by considering the Besov and the Triebel-Lizorkin 
spaces, Bp ^ and F^^, respectively. Indeed, one has, on the one hand, the inclusions (see, e.g., [15] and 
[28]) 

C''" = ^L+S^ C Bl^, dC'c C SL,oo C S^,^ = C''^ , (11) 

for all a G (0, 1] and [3 G (0, 1). On the one hand, the short time wcU-posedncss of the 3d Eulcr equations 
has been recently proven in the space i by Pak and Park [23], and on the other hand, calculations 
inspired by the above proof lead to the construction of shear flows u{x, t), of the form (1), which satisfy: 

u{x, 0) G F1^ 2 and for all t ^ Q u{x, t) ^ F1^ 2'^ or u{x, 0) G -B^^oo and for aU t 7^ u{x, t) ^ B]^ ^ . 

The details of this analysis and further applications will be reported in a forthcoming paper. 

3. VoRTiciTY Surface density for shear flow and the Kelvin-Helmholtz problem 

For 2d Euler equations existence of a weak solutions, with a given single signed Radon measure initial 
data for the vorticity density which is supported on a curve, has been established by Delort [9]. The 
condition on the sign of the vorticity has later been slightly relaxed [19]. There is no such theorem in Sd 
case and the only available result for initial data having a density of vorticity concentrated on a surface 
is a local in time existence and uniqueness result under very restrictive analyticity hypothesis (see [27]). 
As a consequence it may be interesting to exhibit two examples of shear flows with nontrivial surface 
density that would emphasize the difference between the 2d and 3o? situations. 

Example 1 

To present a vorticity concentrated on a surface for the shear flow (1) then it has to be of the following 
form 

. , / ai for s < ^2 , /X / as for s < ^1 

"i^^) = \ A for s>6 """"^ "3(s) = | /33for.>Ci ' 

for some fixed real parameters ai, 013, /Ss, ^1, ^2, satisfying ai > /3i and as ^ P^. The vorticity is 
therefore concentrated on the singular surface: 

S(t) = {(a:;i,a;2, 2:3)1 X2 = ^2} U {(xi, 2:2, 0:3)1 xi = Ci + ^i, X2 < 6} U {(xi, 0:2, 0:3)1 a:i = 6 + tPii ^2 > 6} ■ 
Example 2 

In '3d with the following configuration 

, . / 1 for a; < , . 

"3(^) = \ fora:>0 ' ^^^^ 

and y = 1*2(5) is a curve, the shear flow: 

u{x) = (1*1(2:2), 0,M3(a;i - tui{x2))) 
is a weak solution of the 3d Euler equations with a singular vorticity which is concentrated on the surface 

T{t) ^ {(2:1, 2:2, 2:3)1 Xi = tUi{x2)} 

and is given by: 

d Hi 1 

^{x, t) = {-t "C' ® ^r(t), — ^— TTT ® Sr(^t),-d.2Mx2)) ■ 

([iOajaWl! +1)2 [\tdx2Uir + ^) ^ 

The discussion below, concerning the difference between the 2d and 3d Kelvin-Helmholtz problem, is 
motivated, among other things, by the following remark. 
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Remark 2. Example 1 is a solution of the 3d Euler equations with a density of vorticity concentrated 
on a surface with corners. It is unknown whether the construction of the same type of configuration is 
possible in 2d case. In Example 2 the function X2 ^ ui{x2) does not need to be more regular than to 
sustain a vorticity surface density of the corresponding shear flow solution of the 3d Euler equations. 
Moreover, no matter how regular this surface is initially its regularity will be preserved by the dynamics. 
Furthermore, and by virtue of Theorem 2, both examples are weak solutions of the 3d Euler equations, 
and when considered in torus (R/Z)'^) they both conserve energy. 

In an attempt to understand the effect of the dimension it seems appropriate to compare Example 2 
with classical results concerning the Kelvin-Helmholtz problem. 

As we have mentioned in the introduction the Kelvin-Helmholtz problem corresponds to the situation 
where the vorticity is concentrated on a moving orientable curve in r{t,X), in 2d, parameterized by a 
parameter A £ K, or on a moving orientable surface r{t,X,fj,), in 3d, parameterized by the parameters 
(A, At) Gffi2. 

We assume that the curves or the surfaces are orientable manifolds, denoted by T{t), with unit 
normal ft. For x ^ r(t), the velocity u can be expressed explicitly in term of the vorticity by the following 
Biot-Savart formulas: 

f ^R^ J j^E$^Coit,r{t,X'))\dxrit,y)\dX' in 2d , 

u{x,t)^l (13) 
[ -i^ I i^.^A '.;:') V, ^I'))\^,rit, X', ti') A d,r{t, X', ^,')\dX'd,,' in 3d, 

where R^ is the ^ rotation matrix, and (D is the vorticity density on these manifolds. 

When X converges to a point r S r(t) the velocity u{x,t) converges to two different values, on either 
side of the manifold, u±{r, t). In particular, and in agreement with the divergence free condition, one has 

u+{r,t) ■ n = u-{r,t) ■ n , u!{x,t) = {u^(r,t) — u-(r,t)) A ft (g) Sr(t){x) , (14) 

for r e T{t) and x e M'', d = 2, 3. 

The vorticity density (I) is a vector valued density. In the 2d case this vector is orthogonal to the plane 
of the flow and therefore is identified with a scalar. Hence, the vorticity density is related to the vorticity 
by the expressions: 

uj{x,t) — {u+{r,t) ~ u-{r,t)) An(g Sr{t){x) 

( ^{t,r{t,X))\dxrit,X)\dX in 2d, 

= < (15) 
[ Lj{t,r{t, X, ^))\d\r{t, X, fi) A df_ir{t, X, ii)\dXdii in 3d . 

Formulas (13) remain valid for x G r(i) with the integral taken in the sense of Cauchy principal value 
and with the left-hand side of (13) replaced by the averaged velocity 

V = ^ • (16) 



Therefore, with some hypothesis on the regularity of the solution (cf. [18] for details) the problem can 
be reduced to equation (13) for v with: 

{dtr -v) -71 = 0, (17) 

and in 2d 

r),)-rx]=0 (18) 
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or in 3d with N = d\r{t, A, ^) A df_ir{t, A, ^) 



We recall below some classical results which contribute to the understanding of the basic properties 
of this problem (see also, e.g., [1]). 

(i) The initial value problem is locally, in time, well-posed in both, the 2d and the 3d, cases in the 
class of analytic data. More precisely, for any initial curve (respectively surface) r(0, A), (re- 
spectively r(0. A, fi)) and any initial density of vorticity lj{0, r(0, A)) (respectively a)(0, r(0. A, fi)) 
which can be extended as analytic functions uniformly bounded in the strip |3A| < c, in the 
complex plane A G C, for some c > 0, (respectively |3A| + < c, for (A, fi) G C^, and for some 
c > 0) there exists a finite time T and a constant C such that the initial value problem (17) 
and (18) (respectively, (17) and (19)) has, for < t < T, a unique solution which is analytic in 
the strip |3A| < C(T - t) (respectively |5A| -I- < C{T - t)) (cf. [27]). 

(ii) There exist in 2d (to the best of our knowledge this issue has not been addressed in 3d) analytic 
solutions that become singular in finite time. This has been first observed by numerical simula- 
tions of Baker, Meiron and Orszag [21], then Duchon and Robert [11] have shown the existence 
of a very large class of singularities which can be reached in a finite time by analytic solutions. 
Eventually, Caflisch and Orellanna [3] have constructed analytic solutions, for < t < T, which 
exhibit a cusp as t approaches T. Specifically, with < < 1 they have shown that their 
solutions satisfy: 

lmr(r(t,.),^(t,.(V))) = (r(T,.),^(T,.(T,.))){ t^c^l'^^J , .) . 

(ui) In 2d : If in a (i. A) neighborhood of a point (to,Ao) the vorticity density, u}{t,r{t, X)), does 
not vanish and if the functions r(t, X),uj(t, rit, A)) have some limited regularity then in fact they 
are analytic in this neighbourhood. By a limited regularity we mean, for instance, that in this 
neighborhood 

(r(i,.),ci(t,r(t,-)) eC^'" xC" (20) 
[A - A'l < C|r(i, A) - r(t, A')|, with some constant C < cx). (21) 

The hypothesis (21) is called the chord-arc property, and the hypothesis (20) matches perfectly 
the example studied in [3] . In fact under the chord-arc hypothesis a refined version of this 
statement has been obtained by Wu [29], which matches some numerical observations made by 
Krasny [13]. The consequence of this observation is that solutions with limited regularity do not 
exist in 2d. That is, if at some time to and at some point Aq the solution, (r(t. A), (i(t, r(t, A)), 
ceases to be analytic then it cannot be of limited regularity at a later time. For instance the 
solution of [3] is no longer in C^'"^ x , for any v' > 0, for t > T. 

Remark 3. The hypothesis that (D(t, r{t, A)) does not vanish is natural. This is because if uj vanishes near 
(to,Ao) then there is no more interface, and the ellipticity as described below is lost. This will appear 
explicitly in formulas (29) and (30) below. 

The clue in the above 2d results, which have been described under different forms in [11], [14] and 
[29], lies in the fact that under the above hypothesis the problem is locally a small perturbation of a 
linear elliptic system. Indeed, since this analysis is local one can assume, without loss of generality, that 
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r{t) = {x,ey{x,t)) is a graph. As a result, equations (16) , (17) and (18) are equivalent to the system: 
dty -V2 = (vid^y) , (22) 
dtoj + dx{vifto) = -e-dx{viOj) , (23) 

For small values of e, this system describes a small perturbations in about the stationary solution 

y{x, 0) = , = — , -«+ = — ^ . 
Indeed, for functions / and y in C^, with || bounded, the expansion 




(a; - x')2 + e2(j/(x,t) - y{x', t)Y 

^(i + E(-i)".-(^ 

leads to the introduction of the operators (Hilbert transform): 

Hf{x) ^ -P.V. [ -^f{x')dx' = T-\~isgn{Ofm (27) 

TT J X ~ X 

\D\f{x)^^P.V.j M-I^^dxiHf{x))=T-\mO)- (28) 

This in turn gives, together with formulas (22)-(26), for the perturbation about the stationary solution 
the system: 

dtyx - il.a\D\uj = eF{yx,uj)x 

dtuj - \D\yx = eG{yx,uj)x , 

where in the right-hand side F and G are first order operators. Eventually with the introduction of the 
"Laplacian" one has: 

dttiyx) + ^Idxxiyx) = e{dt{F{yx,Co)x) + \D\{eG{yx,Cj)x) , (29) 

dttiCj) + nldxx{Cj) = e{\D\{F{yx,u)x) + dt{eG{yx,Cu)x) . (30) 

We remark that Example 2 is not an exact solution of the 3d Kelvin-Helmholtz problem due to the 
fact that in this case the function 

dxiUsixi) 

is not, as in the Example 1, a Dirac mass. However, we conjecture, and that may be the object of future 
contribution, that a solution of the 2d Euler equations with a vorticity of the form 

V A w(.,t) = wi(i) ® (5r(t) +t^2(i) (31) 

with r{t, X),uj{t,r{t, X)) having some limited regularity in the above sense and ll>2 G G^^°'{fl x Rf) will 
exhibit the same type of smoothing effect as in the case of the 2d Kelvin-Helmholtz. For instance 
under these hypothesis the surface T{t) should belong to C°° , or even analytic. The intuition for this 
conjecture stems from the fact that equation (15) is modified by the addition of lower order terms, hence 
the conclusions are expected to be similar. Now for the Example 2; this regularity property is not true 
for the surface 

r(<) = {(a;i,a;2,X3)| xi = tui{x2)} ■ 
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The reason for the difference would be that in 2d the smoothing effect is due to the elhpticity of the 
hnearized operator while in 3d the situation is different as follows: As it was done in 2d case, we consider 
a local perturbation about the stationary solution. In this situation we assume (following the notation 
of [27] or [4]) that T{t) can be parameterized in the form 2:3 = ex{xi,X2,t), and reduce the analysis to 
the properties of the smaZ/ perturbation about the stationary state — 0, 2:2) = (a)]', (D^i 0). The 

leading part of the perturbed equations (as was done above in the 2d case) is the linear operator (written 
in the 2d Fourier variables k = {ki,k2), the dual of {xi,X2)) 



(32) 











= A 








L02 


\m ) 




J 



where 



A 



V 







— I cosy 



i(A: • c;)")cos( 



i(A:-c:'0)sin6' 
-^{k-uj°)cos9 



(33) 



J 



cos t/, sm f 



l\kAu%^\kAu'\}. 



with k = (ki, k2) = I A: I 

The eigenvalues of the matrix A are 

{0,0, 

Therefore, the first order pseudo-differential operator 

dt~A 

is no longer elliptic, as the situation is in the 2d case (see (29)-(30)). 



4. Energy conservation for rough solutions 

It has been conjectured by Onsager [22] that for some weak solutions of the id Euler equations 
the decay in energy would be related to some loss of regularity in these solutions. Arguing by some 
dimensional analysis, the Holder exponent 1/3 appears to be a critical value of such regularity. 

On the one hand, it has been shown rigorously in [7] that the formal conservation of energy in the 

id Euler Equations is in fact true for any weak solution which is slightly more regular than the Besov 

1 

space ^ (see also [5] and [12]). On the other hand, the existence of very weak solutions wild solutions 
that become identically after a finite time has been established in [24], [25] and most recently in [8]. 

Moreover, it is commonly believed that for solutions which are slightly weaker than S| ^ there might 

be no conservation of energy. In fact Eyink [12] has constructed a function uq(x) S C'^'^ which cannot 
be the initial data of any weak solution which conserves the energy. This, however, is not a complete 
counter example because the existence of weak solutions for the Zd Euler equations with such initial data 
is still an open problem. 

With the shear flow solution of the id Euler equations: 

u{x,t) = (Mi(a;2),0,U3(.Ti - tui{x2))) 

in the torus (R/Z)'^, it follows from Theorem 2, with wi, U3 G L-^(M/Z), that there is no hope for a general 
theorem stating that the conservation of energy implies some type of regularity. 

Observe that the hypothesis on the initial data here are much weaker than those for which the Onsager 
conjecture is stated in [7], [12] or [26] (see also [5]). 
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In [26] Shvydkoy considers the energy conservation for weak solutions of the Eulcr equations with 
singularities on a curve (in 2d) and on a surface (in 3d). This class of solutions includes the Kelvin- 
Helmholtz problem discussed in section 3. In fact the results in [26] turn out to be more relevant for 
the Kelvin-Helmholtz problem in the three-dimensional case rather than in two-dimensional one. The 
reason being, as we have mentioned in section 3 above, that in the 2d case a minimal regularity for the 
Kelvin-Helmholtz problem implies analyticity; and therefore the conservation of energy of the solutions 
follows, while in the 3c? case the ellipticity of the linearized operator is no longer true and there is room for 
less regular (non- analytic) , and possibly singular, surface solution of the 3d Kelvin-Helmholtz problem. 
In agreement with this observation we propose the following example. Consider in Theorem 2 the shear 
flow (1) in the torus (R/Z)^, with wi,M3 £ i^(R/Z), such that ui{x2) coincides, near X2 = 0, with the 
function sin and u^^xi) coincides, near xi ~ 0, with the function sgn(a;i). Then by virtue of Theorem 
2 the shear flow 

u{x,t) =. (Mi(a;2),0,U3(.Ti -tu^(x2)) 

is a weak solution of the id Euler equations which conserves the energy and which does not satisfy the 
hypothesis that are given in [26]. 

5. Conclusion 

We have used the simplest example of a genuinely 3d flow to obtain the following observations con- 
cerning the Euler equations: 

(i) In the class of Holder spaces the space is the critical space for the initial value problem of 
the 3d Euler equations to be locally, in time, well-posed in the sense of Hadamard. Old and 
classical results [16] (see also [2] and [20]) have shown that the 3d Euler equations are well- 
posed in C^'", for every a G (0, 1], while we have shown in section 2 that the 3c? Euler equations 
are not well-posed in C^, for any (3 G (0, 1). This observation is also in agreement with the 
recent result of Pak and Park [23] , who have established the local well-posed, of the 3d Euler 
equations, in the Besov space i. The consistency between our result and that of [23] is clear 
from the inclusion relations C^'" C i C . Moreover, and as we have noted in Remark 1, 
the analysis in section 2 can be adapted in more exotic spaces, namely, the shear flow solutions, 
(1), of the 3c? Euler equations will provide examples of instabilities (i.e., the Cauchy problem is 
not well-posed) in the in the Besov space B}^ ^, and in the Triebel-Lizorkin space 2 ■ 

(ii) The Kelvin-Helmholtz problem refers to a free boundary problem where in the 2d case limited 
regularity implies analyticity. We show that in 3c?, for closely related problems constructed 
with the shear flow, this property is no more true. We propose an explanation for this striking 
difference between the 2d and 3c? case. This explanation is based on the fact that the linearized 
operator of the Kelvin-Helmholtz problem is no longer elliptic in 3c? as the situation is in the 2d 
case. 

(iii) The relation between dissipation of energy and loss of regularity is an essential issue in the 
statistical theory of turbulence, in relation with the Kolmogorov Obukhov law. It has been 
shown in the deterministic framework that a regularity of this type implies conservation of 
energy. With the shear flow example we have shown that there is no hope for a converse 
statement (even in the case of solutions singular on a slit as in [26]). We observe that in [8] De 
Lellis and Szekelyhidi constructed (see cf. Theorem 1.1 a ) an infinite set of weak solutions 

u e C{Rt;L^{R^)) 

which satisfy both the strong and local energy equality (in the sense of Definition 2.4 of [8]) 
hence conserve energy. 

The above observations may not invalidate the common physical belief because the Kol- 
mogorov Obukhov law belongs to the statistical theory of turbulence, where statements and 



LOSS OF SMOOTHNESS AND ENERGY CONSERVATION IN THE 3d EULER EQUATIONS 



11 



results are true in some averaged sense . On the other hand, our family of shear flow exam- 
ples are genuinely laminar and therefore not "turbulent." They are particular enough to be of 
measure zero with respect to any reasonable ensemble measure compatible with the statistical 
theory of ideal (inviscid) turbulent flows (let us recall that, to the best of our knowledge, no 
such measure has been constructed, up to now, with full mathematical rigor). 

Eventually the construction of [8] involves limit of oscillating solutions and therefore is not 
explicit but closer to the intuition of turbulence. It also relies on the Baire category theorem. 
Hence it generates a residual set of solutions which is dense in C(Rt; L^p^]^(M'^)). A tentative 
justification of the fact that 'in the statistical theory of turbulence conservation of energy may 
in general imply some regularity of the underlined solutions' would be similar to the situation 
in classical analysis theory where a dense set may well be a set of measure zero. 
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